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ABSTRACT 

Current research at Rensse1aer.i~ generating 

fundamental engineering design techniques and concepts 

for the optimization of a gas chromatograph-mass spectro- 

meter chemical analysis system suitable for use on an 

unmanned, martian roving vehicle. Previously, developed 

mathematical models of the gas chromatograph are inade- 

quate for predicting peak heights and spreading for some 

experimental conditions and chemical systems.. Consequently, 

a modification to the existing equilibrium adsorption 

model is required. The Langmuir isotherm replaces the 

linear isothem. A o-hsd-f o s m  analytic31 salution to 

the model is not available so the numerical technique of 

Crank-Nicolson is studied. Initial work considers the 

linear isotherm 'to determine the utility of the method. 

Modifications are made to the method to eliminate unnec- 

essary calculations. These modifications result in an 

overall reduction of the computation time of about 429. 

After successful utilization of the Crank-Nicol- 

son method to the linear isotherm, interest' is shifted to. 

the Langmuir isotherm which takes into account the com- 

position-dependent effects on the thermodynamic parameter, 

This modal shows the sharp rise of the peak and 

J .  

the spreading of the tail generally observed in experimental 

iii 



data. A secant method is incorporated into the model to 

determine the Langmuir constant by matching the simulated 

peak time with the experimental output peak time. This 

secant scheme coupled with the use of an mRo corres2onding 

to a dilute sample, simulates the actual data quite well. 

A problem is encountered with oscillations of some of 

the simulations. This is due to the difficulties in using 

a cubic spline interpolation scheme capable for handling 

a limited number of input data points. These oscillations 

also produce problems when the secant method is used in 

determining the Langmuir constant. Convergence, if it occurs, 

is often slow. In fact, for a system which has a large 

number of input data points, no convergence was achieved. 

An area of future research would be to find a 

better interpolation scheme to handle a large set of input 

data points. Further research could be incorporating a ,  

numerical scheme to vary mRo which in turn determines the 

Langmuir constant. In this %my the simulation curve is 

fit to the actual data by varying two constants, mRo and K. 
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PART 1 

INTRODUCTION AND SUl.?blARY 

One i m p o r t a n t  phase  of t h e  unmanned m a r t i a n  

r o v i n g  v e h i c l e  is  t h e  s e a r c h  f o r  and a n a l y s i s  of o r a a n i c  

m a t t e r  and l i v i n g  organisms  on  t h e  Plar t ian s u r f a c e .  The 

o v e r a l l  t a s k  i s  t o  pxovide  d e s i g n  c r i t e r i a  and e n g i n e e r i n g  

t e c h n i q u e s  for use i n  optimizimg t h e  d e s i g n  of a  sys tem.  

The p l a n  is t o  use  a gas chromatograph-mass  s p e c t r o m e t e r  

system, t h e  qas chromntoqraph h c i n q  used t o  s e p a r a t e  the 

m i x t u r e s  and the mass s p e c t r o m e t c r  t o  a n a l y z e  t h e  chemical 

compounds. There must Le some f l e x i b i l i t y  i n  the sys t em 

i n  o r d e r  to perform a d i v e r s i t y  o f  e x p e r i m e n t s ,  i n c l u d i n g  

a n a l y s i s  of t h e  a tnmsphcre  and samples  from i n c u b a t i o n  

tests o f  so i l  and atmosphere .  However, t h e  most  s t r i n g e n t  

design r equ i r emen t  f o r  t h e  sys tem is t h a t  it b e  s m a l l  

and l i g h t  enough to  f i t  i n  t h e  payload  o f  t h e  v e h i c l e .  

T h i s  r e p o r t  d e s c r i b e s  t h e  r e c e n t  work done on deve lop ing  

a n o n l i n e a r  s i m u l a t i o n  noda l  t o  b e t t e r  r e p r e s e n t  t h e  gas 

chromatograph. 

Gas chromatography is  a way o f  s e p a r a t i n g  a 

m i x t u r e  of  d i f f e r e n t  chemica l  s p e c i e s  by u t i l i z i n q  t h e  

rnachanism of a d s o r p t i o n - d e s o r p t i o n .  Owing to  t h e  d i f f e r e n t  

c h a r a c t e r i s t i c s  o f  v a r i o u s  c h e m i c a l s ,  e ach  s p e c i e s  w i l l  

a d s o r b  and desorb a t  d i f f e r c n t  r a t e s  when exposed to  a 

packed bed of  g r a n u l a r  p a r t i c l e s  w i t h  o r  w i t h o u t  a l i q u i d  



- 
s u b s t r a t c .  The more s t r o n g l y  a s p e c i e s  i s  adsorbed.  the 

l o n g e r  its e l u t i o n  time t r i l l  t,e. l3ecausc of t h e  un iquc  

b e h a v i o r  of e a c h  chemica l ,  a multicomponent sample may 

be i n j e c t e d  i n t o  a chromatograph and e l u t e  as  a s e r l c ~ a  

of  p u l s e s  each c o n t a i n i n g  one  of t h e  components,  

. . Since gas  chromatography i s  a 'complex p r o c e s s  

w i t h  many dyr  ?mic mechanisms c o n t i n u a l l y  t a k i n g  p l a c e ,  

mathemat-ical  inodcls a r e  bc ing  deve loped  t o  p r c d i c t  system 

behav io r  f o r  varyin(! degrees of complexity. These  

p r e d i c t i o n s  a r c  t h e n  compared t o  a c t u a l  da ta  and if 

d e v i a t i o n s  from t h e  e x p e r i m n t a l  r e s u l t s  occur t h e n  t h e r e  

i s  a f l a w  i n  t h e  model. Fo r  an  e x a c t  model which i n c o r -  

p o r a t e s  a l l  observed  phenomena, there w6u'Ib be no Ocviations'; 

however, t h e  compluxi ty  of such  a model would make i ts  

numerical. s o l u t i o n  i r n p r a c t i c ' ~ l  even w i t h  p r e s e n t  day com- 

p u t e r s .  

One must be s a t i s f i e d  w i t h  models d c s c x i h i n g  

on ly  t h e  s i g n i f i c a n t  phenomena a f f e c t i n g  t h e  behav io r  of 

the column. If c o n s i s t e n t  d e v i a t i o n s  o c c u r  from t h e  a c t u a l  

data  t h e n  a n  i m p o r t a n t  mechanism h a s  been n e g l e c t e d .  

The model t h e n  must be amended. 

P r i o r  t o  t h i s  invcst: , igation,  chromatographic  

models have been deve loped  which have s i m u l a t e d  s u c c e s s -  

f u l l y  many sys tems  well. However, i n  a few i n s t a n c e s ,  

model p r e d i c t i o n s  have d e v i a t e d  c o n s i s t o n t l y  from t h e  

a c t u a l  data.  For  d i l u t e  samples  t h e  model s i m u l a t e s  t h e  

/ 4--- 
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system well but for some chemical species deviations 

occurred as the sample was increased. It is the objective 

of this report to develop and evaluate a practical nonlinear 

adsorption model to account for cornposition-clependent 

effects observed in previous research, 

Two versions of the equi l . ihr ium adsorption model 

have been investigated. The first version, I...:juation I11 a 

of Figure 1, uses a linear isotherm. With the linear isotherm 

analytical techniques can he used to find the solution 

of the resulting second-order equation, The second ver- 

sion, Equation IIIb of Figure 1, ilicorporatcs the Langrnuir 

isotherm into the model as a means of accounting for the 

observed composition-dependent effects ,  Analytical tcch- 

niqucs are not.availoble fox salving the resulting non- 

linear equatian so numerical methods are being used. 

Because of instabilities with an orthogonal collocat \ . , -  . 

procedure used previously (Lavoie, 1974), the simple, 

finite difference scheme of Crank-Nicolson is being used. 

This method was first applied to the lincar version and 

t h e  results wcrc compared with the available analytical 

results. Considerable effort was made in coding to elim- 

inate calculations involving multiplication by zero in 

order t o  reduce computation time. This additional coding' 

reduced the computing time by about 35%. Good comparison 

between the nurnarical.and analytical results gave confi- 

dence in the method. 





I n  appl-ying t h e  method to  t h e  n o n l i n e a r  v e r -  

s i o n ,  a ~ n o d i f i c a t i o n  was r e q u i r e d  because  o f  t h e  n o n l i n e a r  

term. A p r e d i c t o r - c o x r e c t o r  t e c h n i q u e  was used.  I n i t i a l  

work with t h i s  model used tile vaiue of the thermodynamic 

parameter ,  mRo, o b t a i n e d  by a c u r v e  f i t t i n g  t e c h n i q u e  

between t h e  s i m u l a t e d  o u t p u t  and  t h e  a c t u a l  o u t p u t .  The 

peak t i m e s  of t h e  s i m u l a t i o n  o u t p u t  was compared w i t h  

t h e  a c t u a l  psak t i m e  and there was fairly close agreement .  

However, when t h e  Langmuir c o n s t a n t ,  K ,  was i n c r e a s e d  

t h e  peak times o c c u r r e d  e a r l i e r ,  The peaks  f o r  the simu- 

l a t e d  o u t p u t  were much larger t h a n  t h e  a c t u a l  peaks ( abou t  

90% g r e a t e r ) .  Q u a l i t a t i v e L y ,  a s  t h e  Langmuir c o n s t a n t ,  

K ,  was i n c r e a s e d  t h e  peaks became smaller approach ing  

t h e  a c t u a l  va lue .  Plore h p o r t a n t l y ,  t h e  shape  o f  t h e  s i m -  

u l a t e d  o u t p u t  appeared more l i k e  t h e  a c t u a l  shape for 

h i g h e r  v a l u e s  of K. T h e  c u r v e s  r o s e  more ~ h a r p l y  and exh ib -  

i t e d  more t a i l i n q  as K was i n z r c a s c d .  

Something had t o  be done to  alleviate t h e  prob-  

l e m  of t h e  ear ly  o c c u r r e n c e  of t h e  peaks. One p o s s i b i l i t y  

s u b s t a n t i a t e d  by t h e  f a c t  t h a t  mRo was composit ion-depen- 

d e n t  was t o  correct for t h i ?  f a c t  t h a t  the sampl-e i s  n o t  

d i l u t e ,  E~t rapo .? . ,~kc  ".he v;t.lue o f  mRo t o  a  v e r y  d i l u t e  

sample and u s e  t h i s  for t h e  l a r g e r  sample. I n  t h i s  way 

t h e  Langmuis c o n s t a n t  can be var ied until the  peak times 

a r e  c l o s e l y  matched, After t h e s e  peak time.s arc matched, 

a comparison of t h e i r  peak heights can  be made. A s i m -  



. - . - 
u l a t i o n  peak h e i g h t  g r e a t e r  than  the ,ac tua l  peak h e i g h t  

s u g g e s t s  t h a t  a  s m a l l c r  mRo should be a t tempted m x t .  

A s i m u l a t i o n  peak h e i g h t  s m a l l e r  t h a n  t h e  a c t u a l  peak 

h e i g h t  would i n d i c a t e  a  l a r g e r  va lue  o f  mRo be used. T h i s  

procedure is i n  f a c t  a two constant curve  f i t t i n g  t ech-  

n ique  t o  o b t a i n  a s i m u l a t i o n  curve  s i m i l a r  t o  t h e  exper- 

imen ta l  d a t a .  

When t h i s  procedure was incorpora ted  i n t o  t h e  

program c l o s e  agreement r e s u l t e d  between t h e  s imula ted  
b 

chromatograph and t h e  a c t u a l  chromatograph. E s p e c i a l l y  

f o r  a n o n d i l u t e  sample, t h e  Langmuir i so therm w i t h  t h i s  

t w o  c o n s t a n t  curve  f i t t i n g  s i m u l a t e s  t h e  a c t u a l  d a t a  

T h i s  procedure o f  matching t h e  peak times of 

t h e  s imula t ion . 'w i th  t h e  a c t u a l  d a t a  was then  a p p l i e d  

t o  t h e  system of n-heptane on t h e  Chromosorb-102 a t  17S°C. 

T h i s  sys tem's  i n p u t  had a large set o f  d a t a  p o i n t s  s o  

t h a t  o s c i l l a t i o n s  i n  t h e  peak occurred .  . Due t o  t h e s e  

o s c i l l a t i o n s  t h e  program h a d ' : d i f f i c u l t i e s  converging.  



PART 2 

BACKGROUND 

One area of the overall gas chromatograph systems 

investigation has been the mathematical modeling of the 

chromatograph system. Many previous investigators have 

contributed to the development of mathematical models 

(Keba and Woodrow,l972; Meisch,1973; Sliva,1968; Taylor, 

1970; Voytus, 1969). A course has been pursued wherein 

successively more complex models have been considered. 

These models have all yielded analytical expressions from 

which a simulation chromatograph could be computed directly. 

C a x ! p r  QE pxtadk.d -. sysRtom- be?xwics with a.c+,uaLsysten~.-. - 

data has directed modeling efforts to consider more ade- 

quate and hence more complicated models. 

A system of three coupled partial differential 

equations was derived earlier to model the gas chromatograph 
4 

(Woodrow, 1974). Excessive computation time due to the : 

i 
complexity of the system of equations indicated a simpli- 

fication of the model was, required. Voytus (1969) derived 

a simplification of the model which considered axial dif-' 1 
fusion, convection, an4 equilibrium adsorption/desorption 1 

I 
using the linear isotherm. Assumptions for the model, 

designated the equilibrium adsorption model, included 

negligible mass transport effects between the carrier gas 

and the adsorbent phase and no intra-particle diffussion 
\ 

effects. In its mathematical foqm, the model is represented 

by the following second-order, lik?ar part'ial differential equation . 



which was der ived  from t h e  mass ba lance  f o r  t h e  i n j e c t e d  . 
s p e c i e s  i n  th'e f l u i d  and s o l i d  phases o f  t h e  column: 

Boundary c o n d i t i o n s :  

y ( 0 , e )  = i n p u t  p u l s e  

l i m  y ( z , 9 )  = f i n i t e  
z-' a 

The f i n a l  s o l u t i o n  o f  t h i s  equa t ion  i s  t h e  fo l lowing 

convolut ion  i n t e g r a l :  

where (0,9,) -= t h e  i n p u t  p u l s e  

y~ tr)  = the u n i t  impulse response a t  t h e  end 

o f  t h e  column 
r .  I 

= ,~s~~~t%(~-~) 2 n z  j' 
and pe ( l + l / m R o )  

The P e c l e t  number i s  a measure o f  t h e  d i s p e r s i o n  of  . the  

sample component due t o  t h e  a x i a l  d i f f u s i o n  i n  t h e  column. 

Smal ler  v a l u e s  o f  Pe i n d i c a t e  g r e a t e r  d i s p e r s i o n .  The 

thermodynamic parameter ,  mRo,  de termines  t h e  e l u t i o n  

f t i m e  o f  the  i n j e c t e d  component. Larg r v a l u e s  o f  m i 0  

i n d i c a t e  t h a t  t h e  s p e c i e s  a r e  n o t  s t r o n g l y  adsorbed and 

hence they  w i l l  e l u t e  a t  an  e a r l i e r  t i m e .  A s t u d y  o f  t h e  

nonequil ibr ium a d s o r p t i o n  model h a s  shown t h a t  mass t r a n s -  

, p o r t  between t h e  c a r r i e r  gas and t h e  adsorben t  is  t o o  

i 



f a s t  t o  have any l i m i t i n g  e f f e c t s  on systems s t u d i e d  i 

t h u s  f a r  (Keba and Woodrow, 1972).  

For  many systems t h e  e q u i l i b r i u m  a d s o r p t i o n  , . 

model w i t h  t h e  l i n e a r  ' i so therm p r e d i c t e d  q u i t e  w e l l  t h e  .. 

r e s u l t s  o b t a i n e d  exper imenta l ly .  I n  g e n e r a l ,  t h e s e  c a s e s  

were d i l u t e  sample s i z e s  and p a r t i c u l a r  chemical  s p e c i e s .  

For  o t h e r  chemical  s p e c i e s ,  t h e  model p r e d i c t i o n s  d e v i a t e d  

c o n s i s t e n t l y  from a c t u a l  d a t a  a s  t h e  sample s i z e  was i n -  

c reased .  F igure  2 compares t h e  a c t u a l  o u t p u t  d a t a  t o  t h e  

model s i m u l a t i o n  f o r  n-heptane on Chromosorb-102 a t  17S°C 

and t h e r e  is l i t t l e  resemblance between t h e  two. The 

a c t u a l  d a t a  i s  v e r y  sp read  w i t h  much t a i l i n g ,  w h i l e  t h e  

modeled response  i s  a  r e 1 a t i v e I y  s h a r p  peak w i t h  little 

t a i l i n g .  

~ e i s c h  (1973) found t h a t  t h e  parameter ,  mRo, / 

w a s  a s i g n i f i c a n t  f u n c t i o n  o f  composi t ion.  T h i s  w a s  

f u r t h e r  s u b s t a n t i a t e d  by Lavoie (1974) w i t h  exper iments  
-- 

with  n-heptane and a v a r i e t y  o f  sample s i z e s .  F i g u r e  3 

shows r e s u l t s  o f  t h o s e  experiments .  The parameter ,  mRo, 

decreased l i n e a r l y  w i t h  a  d e c r e a s e  i n  sample s i z e .  

The equi l i .br ium a d s o r p t i o n  model w i t h  t h e  l ' inear  

i so the rm obv ious ly  does  n o t  r e p r e s e n t  a l l  o f  t h e  p h y s i c a l  
L 

behavior  t h a t  is o c c u r r i n g  i n  t h e  column. There are many 

p o s s i b i l i t i e s  t o  cons ide r .  The  v a r i a t i o n  of.  mRo w i t h  

composi t ion s u p p o r t s  t h e  i d e a  t h a t  a n o n l i n e a r  i s o t h e r m  . 







should be used i n  the  model. Prel iminary work (Lavoie ,  

1974) has  a lready begun u s i n g  orthogonal  c o l l o c a t i o n  t o  

s o l v e  the  r e s u l t i n g  non l inear  equat ion  but  due to  t h e  

i n s t a b i l i t i e s  i n  t h e  r e s u l t s ,  a new d i f f e r e n t  numerical 

scheme , is  being proposed,  Crank-PJicolson. Th i s  i d e a  i s  

i n v e s t i g a t e d  i n  this paper.  



PART 3 

IZSULTS AND DISCUSSION 

A. -- Formulation of the Crank-Nicolson Algorithm to the ---- 
Euuilibrium P.dsor~tion Model Using the Linear Isotherm 
-L-- ------- --.---L-- 

One mathematical model that has already been 

developed is the equilibrium adsorption model* using the 

linear isotherm to describe the adsorption kinetics. This 

model considers interparticle axial diffusion, convection 

and equilibrium adsozption/dcsorption. Diffusion of the 

chemicals in the direction of the carrier gas flow in the 

interparticle region is represented by the.dimensionless 

parameter, Ee, which is dete~.wf ned by t h e  system f 1ui.d. 

mechanics. Adsorption-desorption on the particle is rep- 

resented by mRo, a themodynamic parameter'peculiar to 

each species. This parameter contains an equilibrium 

constant, m, and the quantity, Ro. Ro is the ratio of 

the moles of fluid within the total bed to the moles of 

adsorptive sites within the bed. 

With the above concepts in mind, the following 

dimensionless equation results: 

With boundary conditions: 

y ( 0 , 8 )  = input pulse 

T-iGF-I"or2-deiZh of the derivation see Appendix A 



l i m  y ( z , B )  = f i n i t e  
Z * a  

and i n i t i a l  c o n d i t i o n :  

y ( z , O )  = 0 T h i s  i n i t i a l  c o n d i t i o n  states 
t h a t  i n i t i a l l y  t h e  column h a s  
o n l y  i n e r t  c a r r i e r  gas f l owing  
t .hrough it . 14 1 

An a l t e r n a t e  t e r m i n a l  boundary c o n d i t i o n  t h a t  

c o u l d  be used i n s t e a d  o f  t h e  f i n i t e  compos i t i on  a t  an 

i n f i n i t e  d i s t a n c e  down t h e  column [ e q u a t i o n  (3)  1 i s  t h e  

fo l lovr ing  proposed  by Woodrow (1974) : 

J y ( l , e )  = 0 f o r  8)0 
dz 

U s e  o f  t h e  i n f i n i t e  boundary c o n d i t i o n  [ e q u a t i o n  

( 3 ) )  i n  a n a l y t i c a l  work y i e l d s  a g r e a t  d e a l  o f  ma thema t i ca l  

s i m p l i f i c a t i o n  and i s  c o n s i s t e n t  w i t h  t h e  t h e o r y  which h a s  

been deve loped .  However, when numer i ca l  t e c h n i q u e s  must 

be  a p p l i e d  t o  s o l v e  e q u a t i o n  (I), t h e  t e r m i n a l  boundary 

c o n d i t i o n  g i v e n  by e q u a t i o n  ( 3 )  must be r e p l a c e d  by a  

t e r m i n a l  boundary c o n d i t i o n  which i s  b o t h  c o m p u t a t i o n a l l y  

e x p e d i e n t  and p h y s i c a l l y  meaningfu l .  The boundary con- 

d i t i o n  p roposed  i s  g i v e n  by e q u a t i o n  ( 3 a ) .  

To ' o b t a i n  numer i ca l  s o l u t i o n s  t o  p a r t i a l  d i f -  

f e r e n t i a l '  e q u a t i o n s ,  c o n t i n u o u s  v a r i a b l e s  a r e  r e p l a c e d  by 

d i s c r e t e  v a r i a b l e s .  The r e l a t i o n s  between t h e s e  d i s c r e t e  

v a r j a b l e s  i n  t h e  method of f i n i t e  d i f f e r e n c e s  are f i n i t e  

d i f f e r e n c e  e q u a t i o n s . w h i c h  are based  on  T a y l o r  series 



r e p r e s e n t a t i o n s  o f  t h e  dependent  v a r i a b l e .  The domain o f  

t h e  i ndependen t  v a r i a b l e  t h a t  is  d i s c r e t i z e d  form a sys t em 

o f  g r i d  p o i n t s .  F i g u r e  4 shows a g r i d  r e p r e s e n t a t i o n  f o r  

t h e  t r a n s i e n t  a n a l y s i s  o f  a system.  The s p a t i a l  d imens ion ,  

z ,  is  shown a s  b e i n g  bounded and normal ized  and t h e  t i m e  

domain, 8, is shown w i t h  no p a r t i c u l a r  bound. T.he g ra id  

i s  f i x e d ;  i .e., s p a t i a l  d i s c r e t i z a t i o n s  and time d i s c r e -  

t i z a t i o n ~  are uni form f o r  each  domain. The v a l u e  of  z ,  

t h e  c o n t i n u o u s  s p a c e  dimension i s  g i v e n  by: 

z  = i -(Az) 

where i r e f e r s  t o  a p a r t i c u l a r  s p a t i a l  g r i d  p o i n t  and 

b z  i s  t h e  spacirlg L e t w e e l l  grid p o i n t s .  S i n ~ i l a r l y ,  the 

v a l u e  o f  8, t h e  c o n t i n u o u s  t ime  dimension is g i v e n  by: 

9 = n (Ae) 

where n  r e f e r s  t o  a p a r t i c u l a r  t i m e  g r i d  p o i n t  a n d b e  

i s  t h e  i n t e r v a l  between g r i d  p o i n t s .  

For  t h e  p a r a b o l i c  sys t em o f  t h e  second  o r d e r  

chromatograph sys tem model, e q u a t i o n  (l), t h e  two- l eve l  

i m p l i c i t  method known a s  t h d  Crank-Nicolson method o f  
1 '  

s o l u t i o n  i s  p robab ly  most pdpu la r  and i s  w e l l  documented 
i 

(Lapidus ,  1962; von Rosenberg,  1 9 6 9 ) .  The Crank-Nicolson 

method replaces t h e  p a r t i a l  d e r i v a t i v e s  which a r e  e v a l -  

u a t e d  a t  t h e  p o s i t i o n  (space i, time n-th) w i t h  t h e i r  

f i n i t e  d i f f e r e n c e  c o u n t e r p a r t s .  These  app rox ima t ions  a r e  
, 
i 

\ 



Figure 4 Grid Representation for the Finite 
Difference Scheme (Crank-Wicolson 
Method) 



. - . - 
an a r i t h m e t i c  average  of the f i n i t e  differen,ce ana logs  a t  

t h e  p o i n t s  z i ,  8, and Z i t  O n + l b  Thc approximations a t  

each of these p o i n t s  can be viewed a l s o  a s  as a r i t h m e t i c  

average  so t h a t  t h e  r e s u l t i n g  analog t a k e s  on t h e  form 

o f  a  double average  o f  t h e  composi t ions surrounding t h e  

p o i n t .  Y i , n + ~ *  I n  t h i s  mcthod, t h e  foLlowincj approximations 

are made f o r  t h e  f i r s t  and second s p a t i a l  d e r i v a t i v e s  

and t h e  f i rs t :  time d e r i v a t i v e :  

These f i n i t e  d i f f e r e n c e s  a r e  s u b s t i t u t e d  i n t o  

the partial d i f f e r e n t i a l  e q u a t i o n ,  g i v i n g  a  system o f  
* 

algebraic e q u a t i o n s  having a t r i d i a g o n a l  spsten m a t r i x ,  

T h i s  syst.an1 o f  e q u a t i o n s  is so lved  us ing  the Thomas al- 

gori thm (von Rosenberg, 1969) . 
Pre l iminary  s t u d i e s  were done w i t h  t h i s  procedure 

t o  determine t h e  a p p r o p r i a t e  c h o i c e  o f  t he  i.ncrementa1 

variables, A9 and A z .  Von Rosenberg (1969) has dete iminad 

t h a t  t h e  Crank-Nicolson method becomcs u n s t a b l e  ( o s c i l l a t o r y  

-~dr6tx1?%-o?=at i o n  s e e  Appendix B 



about the ttuc curve)  if the co2fficicnt of the second 

space d e r i v a t i v e  is small compared to the coefficient of 

the first space derivative. There will be no oscillations 

when 

coeff. of first space der. ,!& L 1 -.---- -- - .-.- -. A&-- --.+ -...- --- ..- 
coeff. of second space dcr. 2 

For the equilibrium adsorption model, equation (1) reduces 

For practical chromatography, the Peclct numbers 

axe in the order of 10,000. TnikiaL ccrmputcsr s.imu.lation.s 

for dz lcss than the values specified by von Hosenljerg . 

exhibited oscillations. For a z = 0.001 no oscillations 

were..:found. All of the remaining simulations were obtained 

with this value a£ the incremental space dlmsnsion. 

For the Crank-Wicolson algorithm them is no 

stability criterion for the ratio of the incremental vari- 

ables. Having determined the value of b z  necded, theoretically' 

any time increment could be used. Yhc effect; of time 

step size was investigated. Table 1 shows the compvtation 

time needed for each value of A @ .  For small values of 

A0 the computation time is excessive. (Note the computa- 

tion times in the table are for equal partial simulation 

runs.) For A 8  smaller than 0.04 the decrease in computation 



C014PU11AT I O N  TIME FOR VARIOUS 
DIblENSIONLESS TIt4E INCRELYENTS 

D i m e n s i o n l e s s  T i m e  
Inc remen t ,  8 

- C o m p u t a t i o n  T i m e  for 
Equivalenk P a r t i a l  Run - ( s e c .  ) 



time was almost n e g l i g i b l e  w h i l e  t h e  magni tude of t h e  

' d i f f e r e n c e s  f rorn t h e  va lues  c a l c u l a t e d  f o r  s m a l l e r  be 

i n c r e a s e d .  A s  a r e s u l t  of t h i s  s t u d y  t h e  v a l u e  o f  0.04 

was used f o r  t h e  i n c r e m e n t a l  t i m e  d imension.  

B ,  M o d i f i c a t i o n  of t h e  Crank-Nicolson Method ------. 

When the d e c i s i o n  was made on t h e  i n c r e m e n t a l .  

v a r i a b l e s ,  m o d i f i c a t i o n s  were n e c e s s a r y  t o  further r educe  

t h e  computa t ion  t i m e .  The m o d i f i c a t i o n s  were made t o  

t h e  Thomas a l g o r i t h m  (von Iiosenberg, 1 9 6 9 ) ,  T h i s  a l g o r i t h m  

i s  used  t o  s o l v e  a t r i d i a y o n a ~  sys t em of a l g e b r a i c  

e q u a t i o n s .  o f  t h e  form: 

w i t h  al = cR = 0 

The a l g o r i t h m  i s  a s  fo l lows :  

F i r s t ,  compute 

w i t h  = bl 

. . 
and 

The  v a l u e s  of t h e  compos i t i ons  ($) are t h e n  computed from 

yR = dR and y i  = Ii - c i y i + l  



- 
For e a r l y  t imes  i n  t h e  s i m u l a t i o n ,  t h e  . pulse 

has n o t  had an o p p o r t u n i t y  t o  sp read  o u t  throughout  t h e  

column. S i n c e  t h e " d 8  v e c t o r  [equat ion  ( 8 )  1 i s  a l i n e a r  . , 

combination o f  t h e  composi t ions a t  t h e  s p a t i a l  p o i n t s  

(i-1, i, and i + l )  f o r  t h e  p rev ious  t i m e  s t e p  (n)  , many 

'! I -' o f  i t s  elements  are zero.  The t r e n d  of thought  i s  why 

do a l l  t h e  m u l t i p l i c a t i o n s  by ze ro  when t h i s  w i l l  j u s t  

r e s u l t  i n  z e r o  composi t ions f o r  t h e  n e x t  t ime s t e p  ( n + l ) .  

Because v a l u e s  o f  Id' are e i t h e r  ve ry  smal l  o r  zero ,  t h e y  

may produce very  smal l  v a l u e s  f o r  a n  i n t e r m e d i a t e  ca lcu-  

l a t i o n  v e c t o r ,  ' 3 '  o f  equa t ion  ( 1 0 ) .  When t h e  i t h  element  

o f  t h e  Id '  v e c t o r  coupled w i t h  t h e  i t h  element  of  t h e  ' 8 '  

twctvr are bo t : ~  s m P P ,  then the mrr~q~"o'n&rg i t k  element 

o f  t h e  composi t ion v e c t o r  i s  set e q u a l  to  zero.  

A numerical  scheme was developed t o  de termine  

when t o  e l i m i n a t e  unnecessary c a l c u l a t i o n s .  Between t h e  

i n d i c e s ,  I1 and 12 ,  are t h e  p o s i t i o n s  a t  any one t i n e  

s t e p  i n  t h e  column where t h e  p u l s e  i s  loca ted .  The com- 

p o s i t i o n s  a r e  set equa l  t o  ze ro  t o  t h e  l e f t  of  I1 and t o  

t h e  r i g h t  o f  12.  T h i s  f e a t u r e  also e l i m i n a t e s  many o f  

t h e  underf lows p r e v i o u s l y  encountered.  

With t h i s  m o d i f i c a t i o n  t h e  computation t i m e  

was reduced by about  35% f o r  an  e n t i r e  s imula t ion .  The 

t i m e  i s  saved d u r i n g  t h e  e a r l y  p a r t  o f  t h e  s i m u l a t i o n  
j .  

before  t h e  p u l s e  has  propagated f a r  down t h e  columr? where 

t h e r e  is  no f l u i d  i n  t h e  l a t e  s e c t i o n s  o f  t h o  column. 

. , 



Time i s  a l s o  conserved a t  t h e  end of  t h e  s i m u l a t i o n  when 

- t h e r e  i s  no f l u i d  i n  t h e  beginning p a r t s  of  t h e  column. 

A program has  been w r i t t e n  t o  s o l v e  t h e  

e q u i l i b r i u m  a d s o r p t i o n  model w i t h  t h e  l i n e a r  i so the rm 

u s i n g  t h e  Crank-Nicolson f i n i t e  d i f f e r e n c e  scheme. F i g u r e  

5 shows t h e  o r g a n i z a t i o n  o f  t h e  program. A f t e r  t h e  coding 

o f  t h e  e q u i l i b r i u m  a d s o r p t i o n  model by t h e  Crank-Nicolson 

method was completed, r e s u l t s  o b t a i n e d  from t h e  method 

were compared wi th  t h e  a n a l y t i c a l  s o l u t i o n .  F i g u r e s  6, 

7, and 8 show t h e  a c t u a l  d a t a ,  t h e  a n a l y t i c a l  s o l u t i o n ,  

and t h e  s i m u l a t i o n  by t h e  Crank-Nicolson method. There 

i s  v e r y  l i t t l e  d i f f e r e n c e  between t h e  Crank-Nicolson 

~ s t i a r r  an& the analytical salutian and t h e s e  two 

methods a r e  compared f o r  v a r i o u s  p o i n t s  i n  T.able 2. Even- 

though t h e s e  two curves  are i n  c l o s e  agreement w i t h  them- 

s e l v e s  they  do n o t  model a c t u a l  exper imenta l  d a t a  s o  t h e  

i n c o r p o r a t i o n  of  t h e  Langmuir i so the rm i n t o  t h e  e q u i l i b r i u m  

a d s o r p t i o n  model was i n v e s t i g a t e d .  

C. I n c o r ~ o r a t i o n  of  t h e  Lanamuir Iso therm i n t o  t h e  

Equ i l ib r ium - Adsorpt ion - Model 

I 
A n o n l i n e a r  i so the rm o f  t h e  Langmuir t y p e  may 

I 
p o s s i b l y  e x p l a i n  t h e  d e v i a t i o n s  mentioned p rev ious ly .  

The Langmuir i so the rm g i v e s  t h e  fo l lowing  r e l a t i o n  between 
, 

t h e  adsokbed phase and mobile gas  phase  mole f r a c t i o n s  

( X  and y  r e s p e c t i v e l y )  : 
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TABLE 2 

COPlPARISON OF 
THE CRANK-NICOLSON METHOD (LINEAR ISOTIfERM) 

WITH 
THE CONVOLUTION (ANALYTICAL) SOLUTION 

D i m e n s i o n l e s s  C r a n k -  C o n v o l v e d  . Relative 
T i m e  N i c o l s o n  ( A n a l y t i c )  E r r o r  



This equation is compared to the linear isotherm in Figure 

9. For small concentrations the Langmuir isotherm has 

nearly linear behavior. For large concentrations, the 

amount that can be adsorbed becomes proportionately less 

and finally approaches a maximum value. At high concen- 

trations the adsorbent sites become saturated so that an 

increase in the gas phase concentration has little effect 

on the adsorbent phase concentration. 'Larger values of 

K make the isotherm nonlinear at lower~.mobile gas phase 

concentrations. 

The nonlinearity would have the following effect 

on the behavior of the column. Large samples entering 

the column would be adsorbed proportionately less in zones 

of high concentration than in low concentration. As a 

result large samples would begin to elute sooner than 

small samples and would be more spread. The quantitative 

effects on elution time, which is related to mRo and 

spreading can be found only by solving the model. 

This model takes on the form* 

* See Appendix A for derivation 



Linear 

/ Langmuir Jsotl?erm 

I 

D 0.5 1.0 

Gas Phase Concentration 

Figure 9 Comparison of the Linear and Langmuir 
Isotherms 



Comparing t h i s  e q u a t i o r ~  t o  t h e  e q u i l i b r i u m  a d s o r p t i o n  

model [equa t ion  (1) 1 ,  t h e  o n l y  d i f f e r e n c e  is  t h e  term, 

( l + ~ ~ ) ~  mul t ip ly ing  mRo. I n  e f f e c t ,  t h e  parameter ,  mRo, 

becomes a v a r i a b l e  dependent on composition, y. T h i s  

dependence becomes s t r o n g e r  f o r  i n c r e a s i n g  K .  Tho aver-  

age va lue  o f  mRo(l+KyI2 i n c r e a s e s  wi th  sample concen t ra t ion .  

Th i s  is  t h e  observed behavior  i n  exper imenta l  data. 

The e q u a t i o n  must be so lved  numer ica l ly  because 

o f  t h e  n o n l i n e a r  c o e f f i c i e n t .  Based on p r i o r  r e s e a r c h .  

(Lavoie, 1974).  t h e  Crank-Nicolson method w i l l  be used 

i n s t e a d  o f  o r thogona l  c o l l o c a t i o n  s i n c e  o r thogona l  c o l l o -  

c a t i o n  produced i n s t a b i l i t i e s .  

I n  app ly ing  t h e  mcthod t o  t h e  n o n l i n e a r  equa t ion ,  

a . x Z i f i c a t i o q  is r e q u i r e d  because o f  t h e  n o n l i n e a r  term. 

A p r e d i c k o r - c o r r e c t o r  technique  is  used. I n i t i a l l y  t h e  

p a r t i a l  d e r i v a t i v e s  are r e p l a c e d  by t h e  f i n i t e  d i f f e r e n c e s  

a s  i n  t h e  l i n e a r  ve r s ion .  The composition-dependent 

c o e f f i c i e n t  of t h e  t i m e  d e r i v a t i v e  i s  t r e a t e d  by a method 

developed by Douglas (1958).  The composition i n  t h e  non- 

l i n e a r  term has  t o  be e v a l u a t e d  a t  t h e  p o s i t i o n  (space  i, 

time n+YJ . T h i s  va lue ,  Yi,n+'/c, is approximated by i ts  

value  a t  t h c  p rev ious  time step.  y i O n ,  and a c o r r e c t i o n  

f a c t o r ,  ( b e / 2 )  ( b y / h )  where 8 is time. T h i s  ' d e r i v a t i v e  

is approximated by i ts  v a l u e  from t h e  d i f f e r e n t i a l  e q u a t i o n  

i n  which t h e  d e r i v a t i v e s  and composi t ions axe e v a l u a t e d  

a t  t h e  p rev ious  time step. The mathematical  e q u a t i o n s  



f o r  t h i s  s p p r o x i m a t i o n ~ o f  y are: 
i,nCIII 

Y i , n + ~ t *  Y i , n  

where 

T h i s  approximat ion  f o r  t h e  n o n l i n e a r  term is s u b s t i t u t e d  

i n t o  the  d i f f e r e n t i a l  equation and t h e  r e s u l t i n g  sys t em 

o f  a l g e b r a i c  e q u a t i o n s  i s  s o l v e d  by t h e  Thomas a l g o r i t h m .  

The m o d i f i c a t i o n  i n c o x p o r a t e d  i n t o  the Thomas a l g o r i t h m  

f o r  t h e  l i n e a r  i s o t h e r m  i s  a g a i n  used s h o r t e r  computa t ion  

times r e s u l t i n g .  After t h e  f i rs t  d e t e r m i n a t i o n  o f  t h e  

compos i t i ons  i n  the  column, another i t e r a t i o ~  h a s  to  be 

done. During t h e s e  subsequent i t e r a t i o n s  a new estimate 

i s  made fo r  the  n o n l i n e a r  term. This is done by a v e r a g i n g  

t h e  compos i t i ons .  

The program i t e r a t e s  a t  t h e  same time s t e p  u n t i l  t h e  com- 

p o s i t i o n s  i n  t h e  column havo converged. The d e t a i l s  o f  . 

t h e  f o r m u l a t i o n  o f  t h o  Langmuir i s o t h e r m  a p p e a r s  i n  . 

Appendix,  R. 

On pre l iminary  s t u d i e s  done w i t h  t h i s  program, 

i t  was n o t i h d  t h a t  t h e  i n d i c e s ,  I1 and 12*, did  not  

" e e c p r o g x a m - i ~ i  Appendix C 



change d u r i n g  t h e  i t e r a t i o n s .  I t  was dec ided  t o  per form 

c a l c u l a t i o n s  o n l y  from 11 t o  1 2  f o r  t h e  subsequen t  i t e r a -  

t i o n s ,  hence  e l i m i n a t i n g  unneces sa ry  con .puta t ion  t:,ime 

w i t h o u t  Losing accu racy .  T h i s  s imp le  m o d i f i c a t i o n  r a s u l t e d  

in approx ima te ly  a f u r t h e r  10% s a v i n g s  o f  computa t ion  t i m e .  

Thus, k i t h  bo th  m o d i f i c a t i o n s ,  an o v e ~ a l l  r e d u c t i o n  o r  

a b o u t  42% o f  t h e  computa t ion  time i s  ach ieved .  

For  t h e  n-heptane  sys tem on  t h e  Chromosorb-102 

a t  175OC (Pleisch, 1973), t h r e e  d i f f e r e n t  values of  t h e  

Langmuir c o n s t a n t ,  K ( 0 ,  5, and 10 )  were s t u d i e d ,  These 

s i m u l a t i o n s  a r e  d e p i c t e d  i n  Figures 1 0 , , 1 1 ,  an,,; 1 2  xes-  

p e c t i v e l y .  Fo r  t h i s  sys tem,  n-heptane  on the Chromosorb- 

102  a t  17S°C,  t h e  i n p u t  pulse was n o t  a s  .arrow as one 

would l i k e .  Uecaust: o f  t h i s  wide i n p u t ,  many d a t a  p o i n t s  

(ove r  two hundred)  are needed to  d e s c r i b e  it. With t h e  

d i s c r e t e n e s s  o f  t h e  i n p u t  d a t a  poirits,  an i n t e r p o l a t i o n  

r o u t i n e  is  needed t o  o b t a i n  i n p u t  compos i t i ons  a t  i n t e r -  

mediate v a l u e s .  The c u b i c  s p l i n e  i n t a x p l a t i o n  r o u t i n e  

is uscd. With so many data p o i n t s ,  t h e  d e t e r m i n a t i o n  o f  

t h e  c u b i c  s p l i n e  c o e f f i c i e n t s  becomes a problem. The 

s u b r o u t i n e ,  I C S l C E  ( INSL, 1973) can o n l y  hand le  a l imi ted  

number o f  d a t a  p o i n t s .  When t h i s  number is  exceeded, 

under f lows  a r e  t h e  result. The s u b r o u t i n e ,  ICSlCE, will 

d e t e r m i n e  t h e  c u b i c  s p l i n e  c o c f f i c i c n t s  b u t  when t h e y  are 

used oscillations a p p e a r  i n  the i n t e r p o l a t i o n s .  These 

o s c i l l a t i o n s  t h e n  a p p e a r  i n  t h e  o u t p u t  of t h e  s i m u l a t i o n  
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a s  can  be s e e n  by t h e  o s c i l l a t i o n s  a t  t h e  peaks of t h e  
, 

s imula t ion .  For  s m a l l e r  sets o f  d a t a  p o i n t s ,  no o s ~ i l l a t i o n s  

appear  a t  t h e  peaks o f  t h e  s imula t ion .  However, when 

us ing  a l a r g e  set o f  d a t a  p o i n t s  t o  r e p r e s e n t  t h e  i n p u t ,  

a n o t h e r  i n t e r p o l a t i o n  scheme should  be  cons idered .  

The va lue  o f  K e q u a l  t o  z e r o  corresponds  t o  

t h e  l i n e a r  mods1 and t h e  s imula ted  r e s u l t s  from b o t h  

programs match i d e n t i c a l l y .  The t h r e e  s i m u l a t i o n s  o f  

F i g u r e s  10 ,  11, and 12 can  be compared w i t h  t h e  a c t u a l  

d a t a  i n  F igure  6. For  t h e  Langmuir c o n s t a n t  e q u a l  t o  

z e r o  t h e  peak is n o t  a s  s h a r p  and t h e r e  i s  n o t  much 

sp read jng  i n  t h e  t a i l .  As K is  i n c r e a s e d  t h e  rise of 

t h e  peak is  s h a r p e r  and approximates t h e  a c t u a l  peak 

w e l l .  There is  also more spread ing  i n  t h e  t a i l .  Unfor- 

t u n a t e l y ,  t h e  peak times o f  t h e  s i m u l a t i o c s  d e v i a t e  

more from t h e  observed d a t a  peak t i m e .  Table  3 shows t h i s  

t r end .  T h i s  i n d i c a t e s  t h a t  t h e  i n i t i a l  e s t i m a t e  of  t h e  

thermodynamic parameter ,  mRo, i s  wrong. Th i s  sugges ted  

t h a t  a n o t h e r  way o f  de termining t h e  parameter ,  mRo, had 

to  have been found. T h i s  concept  is  d i s c u s s e d  i n  t h e  next 

s e c t i o n .  



COMPARISON OF THE SIMULATION PEAK TINES 
OF THE OUTPUT FOR VARIOUS VALUES OF THE 

LANGMUIR CONSTANT, K 
(N-HEPTANE ON CHRONOSORB-102 AT 175 C) 

ACTUAL 

Peak T i m e  
(Dimensionless 

Time) 



D. Determination of t h e  Lanqmuir Constant by Curve 

Previous research  done by Lavoie (1974) and 

Meisch (1969) have shown t h a t  t h e  parameter, mRo, i s  

dependent on composition. Lavoie ran experiments wi th  

n-heptane a t  200°C on t h e  Chromosorb-102 by varying the . 

sample s i z e .  lie obtained an mRo f o r  each experiment. 

I n  t h e  c u r r e n t  s t u d i e s ,  i t .was-assumed t h a t  t h e  mRo 

corresponding t o  t h e  d i l u t e  sample app l i ed  f o r  a l l  sample 

s i ze s .  The Langmuir cons tan t  could then be va r i ed  u n t i l  

t h e  peak t imes of t h e  a c t u a l  d a t a  and o f  t h e  s imulat ion 

match. 

A numerical scheme is needed todetermine the  

Langmuir constant .  The secan t  method (Conte and de Boor, 

' 1972) is used. . Coding problems had to  be d e a l t  wi th  when 

t h i s  s ecan t  method was implemented i n t o  t h e  program. 

These problems a rose  from t h e  o s c i l l a t i o n s  produced by 

t h e  i n t e r p o l a t i o n  of t h e  i npu t  d a t a  a t  t h e  entrance of 

t h e  column. For tunate ly ,  t he se  o s c i l l a t i o n s  damped o u t  

w e l l  before  t h e  peak o f  t h e  ou tpu t  occurred. To determine 

t h e  peak times o f  t h e  s imulat ion,  t h e  pulse  maximum was 

required.  With t he  e a r l y  o s c i l l a t i o n s  of  t h e  s imulat ion,  

one would not  g e t  t h e  t r u e  maximum of  t h e  pu l se  s o  t h a t  

a l e v e l ,  TESTZ, was introduced i n t o  t h e  program. Nothing 

was done below t h i s  l e v e l .  A s  soon a s  t h e  compositions 



became g r e a t e r  than  t h i s  l e v e l ,  a s e a r c h  was made f o r  t h e  

maximum peak. I n  th'ls way t h e  t r u e  peak time of  t h e  s i m -  

u l a t i o n  could  be ob ta ined .  F igure  1 3  shows t h i s  g e n e r a l  

procedure.  

Another s e r i o u s  problem occur red  due t o  t h e s e  

o s c i l l a t i o n s  produced by t h e  c u b i c  s p l i n e  i n t e r p o l a t i o n  
._- 

o f  t h e  i n p u t  da ta .  The p u l s e  should always be propagat ing  

down t h e  column. Consequently,  i t  shou ld  never  back t r a c k .  

I n  terms o f  t h e  nomenclature of  t h e  program t h e  i n d i c e s ,  

I1 and 12, should  never  decrease .  T h i s  was n o t  t h e  c a s e  

for s m a l l  v a l u e s  o f  mRo, s o : t h a t  a new f e a t u r e  was re- 

q u i r e d  t o  avoid  t h e  d i v i d e  checks ( d i v i s i o n  by ze ro )  t h a t  

occur red  due t o  t h i s  back t r a c k i n g .  The v a l u e s  o f  I1 and 

I 2  a f t e r  a s u c c e s s f u l  set o f  i t e r a t i o n s  are s t o r e d  a s  

IlOLD and IZOLD, r e s p e c t i v e l y .  During t h e  course  of  t h e  

program, a check is  c o n s t a n t l y  be ing made =a t h a t  t h e  

new valuesof  11 and I 2  be a t l e a s t  e q u a l  t o  t h e i r  o l d  

va lues .  Th i s  would e l i m i n a t e  any r e v e r s i n g  o f  t h e  i n d i c e s  

and avo id  any computer d i v i d e  checks. 

I n  F igure  14 a n  o r g a n i z a t i o n  c h a r t  is p r e s e n t e d  

to  show t h e  i n p u t  and o u t p u t  of t h e  Langmuir program. 

A second n-heptane system w a s  s t u d i e d .  T h i s  is  

.one o f  t h e  sample s i z e  mRo dependence exper iments  run  by 

Lavoie. The a c t u a l  chromatograph f o r  n-heptane on t h e  

Chromosorb-102 column o p e r a t i n g  a t  200°C i s  shown i n  

F igure  1 5  and t h e  e q u i l i b r i u m  a d s o r p t i o n  model chromatograph 

is presen ted  i n  F igure  16.  The e q u i l i b r i u m  a d s o r p t i o n  . 





INPUT PARANGTERS . 

Carrier Gas Velocity, Column Length, 
Peclet Number, MRo 

Number of Input Data Points, Their 
Spacing, The Data Points, and Cubic 
Spline Coefficients 

Number of Intervals for Dimensionless 
Time Unit 

Two Guesses for K, The Actual Peak 
Time 

Error,% Tolerances for Secant Method 
(KERKOR) and Modification of the 
Thomas Algorithm (EPS) 

SIHULATION 

PROGRAM 

OUTPUT 

1. Listing of All K and Peak Times 
Tried 

2. Final Listing of Dimensionless 
Time, Input Pulse, and Output 

I Pulse 

Figure 14 Organization of Langmuir Isotherm'Program 
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model curve  i s  very  s h a r p  and t h e  peak is abou t  t h r e e  times 

a s  g r e a t  a s  t h e  a c t u a l  d a t a .  The s i m u l a t i o n  curve  e x h i b i t s  

a lmost  no sp read ing  a s  opposed t o  t h e  h igh  degree  o f  t a i l -  

i n g  i n  t h e  exper imenta l  d a t a .  The composi t ions f o r  t h i s  

system are much l a r g e r  than  encountert?d before and t h e  

e q u i l i b r i u m  adsorpt ' ion model poor ly  p r e d i c t s  t h e  o u t p u t  

a s  expected.  

For t h e  s i m u l a t i o n  us ing  t h e  Langmuir i so therm,  

t h e  parameter ,  m R o ,  co r respod ing  t o  t h e  sample s i z e  o f .  

0.2 microliters was used t o  s i m u l a t e  d a t a  f o r  t h e  system 

having t h e  l a r g e r  sample s i z e  of 3.0 m i c r o l i t e r s .  The 

Langmuir s i m u l a t i o n  f o r  n-heptane on t h e  Chromosorb-102 

a t  200aC wi th  an  mRo = 0.0482 and t h e  Langmuir c o n s t a n t  

of 4.8 i s  shown i n  F i g u r e  17,  T h i s  s i m u l a t i o n  approxi-  

mates t h e  a c t u a l  d a t a  q u i t e  w e l l .  I t  rises q u i t e  s h a r p l y  

l i k e  t h e  a c t u a l  o u t p u t  peak and e x h i b i t s  s i m i l a r  t a i l i n g .  

The peak h e i g h t  is  s t i l l  s l i g h t l y  h i g h e r  than  t h e  a c t u a l  

d a t a  b u t  nowhere n e a r  a s  g r e a t  as t h e  l i n e a r  i so the rm 

p r e d i c t i o n .  T o  f u r t h e r  improve t h e  peak h e i g h t ,  a s l i g h t l y  

smal le r  mlio would seem a p p r ~ p r i ~ a t e .  A value of mRo equa l  

t o  0.0382 (K-12.2) produced a s i m u l a t i o n  w i t h  a s l i g h t l y  

I sma lcr maximum. ma his s i m u l a t i o n  chromatograph i s  
I 

shown i n  Figure  18. A t h i r d  and f i n a l  s i m u l a t i o n  was made 

w i t h  an  i n t e r m e d i a t e  va lue  of  mRo e q u a l  t o  0.0426 (K38.6) 

and 'its s i m u l a t i o n  i s  presen ted  i n  F igure  19. These t h r e e  , 

s imula t ion .  peak h e i g h t s  are compared i n  Table  4. 
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COMPARISON OF THE SINULATION PEAK HEIGHTS FOR 
VARIOUS MRO'S WIT11 TIIE ACTUAL EEAK IIEIGIIT 

(N-IIEPTANE ON CBKOMOSORB-102 AT 200°C) , 

Thermodynamic 
Parameter. mRo 

Lancjmuir 
Constant, E 

Peak Height 
(mole fract ion)  

PCTUAL DATA 



11 I.. 

With s u c c e s s f u l  s i m u l a t i o n  of t h e  n-heptane 

system on t h e  Chromosorb-102 column a t  200°C, a t t e n t i o n  

was d i r e c t e d  t o  t h e  n-heptane system on t h e  Chromosorb-102 

column a t  17S°C. S ince  t h e r e  a r e  no d a t a  f o r  a d i l u t e  

sample, an e s t i m a t e  o f  t h e  parameter ,  mRo, was made. With 

t h i s  approximate va lue  o f  t h e  parameter ,  d i f f i c u l t i e s  

i n  convergence o f  t h e  Langmuir c o n s t a n t  were encountered.  

The o s c i l l a t i o n s  from i n t e r p o l a t i o n  are caus ing  t h e  

convergence problems o f  K. No convergence was o b t a i n e d  

f o r  t h i s  system. These problems were a resu l t  o f  t h e  

problems o f  t h e  c u b i c  s p l i n e  i n t e r p o l a t i o n .  Another 

i n t e r p o l a t i o n  scheme should  be  i n v e s t i g a t e d .  A d i f f e r e n t  

numerical  scheme might be s t u d i e d  which would converge 

f a s t e r  t o  t h e  a p p r o p r i a t e  Langmuir c o n s t a n t .  
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PART 4 

CONCLUSIONS AND RECOMMENDATIONS 

This investigation has been conducted in con- 

junction with the group effort to define fundamental design 

criteria necessary for an optimal design of a combination 

gas chromatograph-mass spectrometer. Specifically, this 

report has dealt with the formulation of a modification 

of the equilibrium adsorption model with the incorporation 

of the Langmuir isotherm and subsequent efforts to ascertain 

the merits of the numerical technique.known as Crank-Nicol- 

son as a technique worthy of use in the simulation of a 

nonlinear gas chromatograph model. 

Previous work suggested the formulation of a 

model which took into account the variation of the thermo- 

dynamic parameter, ~ R o ,  with composition. The Langmuir 

isotherm has been used to account for the fact that there 

is a saturation of adsorbent sites at higher concentrr:..lons. 

The analysis of the equilibrium adsorption model using 

the Langmuir isotherm indicates the characteristics of the 

actual data are more adequately predicted than with previous 

models. . 

.The finite difference method of Crank-Nicolson 

has shown to have less instabilities than the orthggonal 

collocation method studied earlier. The Crank-Nicolson 

method.can be modified to shorten computation time with 

no significant loss in precision. With the two modifications 
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implembnted into the algorithm the computation time was 

reduced approximately 42%. 

The interpolation method used on the discrete 

set of input points exhibited the property that for a 

large set of data points (a wide pulse) underflows in 

calculating the cubic spline coefficients resulted. These 

underflows manifested themselves later in the simulation 

by producing oscillations at the peak of the output. For 

a case with few data points no oscillations occurred. 

Therefore, an attempt should be made in the future to find 

a better interpolation scheme. 

The incorporation of the secant method into 

the simulation model to match the peak times of the simu- 

lation for a given mRo with the actual peak time resulted 

in good approximations to the actual data. For a better 

approximation to the tailing and the steep rise of the 

peak an rnRo corresponding to a dilute sample was used. 

The parameter, mRo, could be further varied to better fit 

the actual data. Future work could incorporate another 

secant method or least squares fit to vary mRo which in . 

turn would determine the Langmuir constant, K, to match 

the peak heights and peak occurrences of the simulation 

with those of the actual data. This results in what amounts 

to as a two constant curve fitting scheme. 

When the numerical scheme was applied to the 



first system s t u d i e d  t h e r e  was no-convergence f o r  t h e  

Langmuir c o n s t a n t .  T h i s  problem was t h e  r e s u l t  o f  t h e  

o s c i l l a t i o n s  produced from t h e  i n t e r p o l a t i o n  o f  t h e  i n p u t  

u s i n g  t h e  c u b i c  s p l i n e  c o e f f i c i e n t s .  T h i s  s u g g e s t s  aga in  

t h e  importance of f i n d i n g  a better numer ica l  scheme f o r  

i n t e r p o l a t i n g  t h e  i n p u t  d a t a .  A b e t t e r  convergent  numer- 

ical t echn ique  n o t  as dependent  on t h e  o s c i l l a t o n s  of t h e  

peak shou ld  be i n v e s t i g a t e d .  

The Crank-Nicolson method s o l v e s  t h e  n o n l i n e a r  

e q u a t i o n  q u i t e  w e l l  b u t  even w i t h  t h e  m o d i f i c a t i o n s  made 

t o  it a n  e x c e s s i v e  amount o f  computation t ime i s  needed. 

Depending on t h e  system, between 25 and 60 minutes  o f  

computation t i m e  is needed. A.nother area o f  f u t u r e  work. 

cou ld  be t o  go back t o  the method of o r t h o g o n a l  c o l l o c a t i o n  

and t r y  . new t r i a l  f u n c t i o n s  and new or thogona l  f u n c t i o n s  

which would r e s u l t  i n  s h o r t e r  s i m u l a t i o n s .  Other  numerical  

t echn iques  might be  s t u d i e d  a l s o .  
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